


•

•

•

•

1 1, 2 2, 3 3, 4 4, 5 5,i i i i i i ir c s c s c s c s c s = + + + + +



•

•

•

•

•



•

•

•

•

•



•

•

• λ λ λ

•

2 3

1 2 3 ii i i ir s s s   = + + +



0%

5%

10%

15%

20%

25%

30%

35%

1963 1968 1973 1978 1983 1988 1993 1998 2003 2008 2013 2018 2023

R
-s

q
u
ar

ed

Monthly Security Return Cross-sectional R-squared
(Rolling 36 months)

Cubic LOESS Linear

kc





-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

1963 1968 1973 1978 1983 1988 1993 1998 2003 2008 2013 2018 2023

C
o
rr

el
at

io
n
 C

o
ef

fi
ci

en
t

Gross Margin Exposure Linear Correlations Over Time

Earnings Yield Price Momentum Small Size Low Beta



-1.0

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

-3.0 -2.0 -1.0 0.0 1.0 2.0 3.0

F
it

te
d
 E

x
p
o
su

re

Exposure Score

Gross Margin Non-Linear Relationships 2023

Earnings Yield Price Momentum Small Size Low Beta



0%

2%

4%

6%

8%

10%

12%

14%

16%

18%

20%

-10%

-8%

-6%

-4%

-2%

0%

2%

4%

6%

8%

10%

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0

A
v
er

ag
e 

R
et

u
rn

Pure Score

Non-Linear Average Return to Pure Score 2004 to 2023

Small Size Upper Bound Lower Bound Capitalization Weight (right-hand axis)



0%

2%

4%

6%

8%

10%

12%

14%

16%

18%

20%

-10%

-8%

-6%

-4%

-2%

0%

2%

4%

6%

8%

10%

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0

A
v
er

ag
e 

R
et

u
rn

Pure Score

Non-Linear Average Return to Pure Score 2004 to 2023

Momentum Upper Bound Lower Bound Capitalization Weight (right-hand axis)



0%

2%

4%

6%

8%

10%

12%

14%

16%

18%

20%

-10%

-8%

-6%

-4%

-2%

0%

2%

4%

6%

8%

10%

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0

A
v
er

ag
e 

R
et

u
rn

Pure Score

Non-Linear Average Return to Pure Score 2004 to 2023

Profitability Upper Bound Lower Bound Capitalization Weight (right-hand axis)



0%

2%

4%

6%

8%

10%

12%

14%

16%

18%

20%

-10%

-8%

-6%

-4%

-2%

0%

2%

4%

6%

8%

10%

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0

A
v
er

ag
e 

R
et

u
rn

Pure Score

Non-Linear Average Return to Pure Score 2004 to 2023

Low Beta Upper Bound Lower Bound Capitalization Weight (right-hand axis)



0%

2%

4%

6%

8%

10%

12%

14%

16%

18%

20%

-10%

-8%

-6%

-4%

-2%

0%

2%

4%

6%

8%

10%

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0

A
v
er

ag
e 

R
et

u
rn

Pure Score

Non-Linear Average Return to Pure Score 2004 to 2023

Value Upper Bound Lower Bound Capitalization Weight (right-hand axis)



-10%

-8%

-6%

-4%

-2%

0%

2%

4%

6%

8%

10%

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0

A
v
er

ag
e 

R
et

u
rn

Pure Score

Average Active Return to Pure Score 2004 to 2023

Value Momentum Small Size Low Beta Profitability



0%

5%

10%

15%

20%

25%

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0

A
ct

iv
e 

R
is

k

Pure Score

Active Risk to Pure Score 2004 to 2023

Value Momentum Small Size Low Beta Profitability



Linear Value

Value

Linear Momentum

Momentum

Linear Small Size

Small Size

Linear Low Beta

Low Beta

Linear Profitability

ProfitabilityFive-Factor

Linear Five-Factor

-0.5%

0.0%

0.5%

1.0%

1.5%

2.0%

2.5%

3.0%

0.0% 1.0% 2.0% 3.0% 4.0% 5.0% 6.0% 7.0%

A
lp

h
a

Active Risk

Non-Linear Factor Portfolios in Active Return Space

Average Monthly Returns from 2003 to 2024



Linear Value

Value

Linear Momentum

Momentum

Linear Small Size

Small Size

Linear Low Beta

Low Beta

Linear Pofitability

ProfitabilityFive-Factor

Linear Five-Factor

-0.5%

0.0%

0.5%

1.0%

1.5%

2.0%

2.5%

3.0%

3.5%

0.0% 1.0% 2.0% 3.0% 4.0% 5.0% 6.0% 7.0%

A
lp

h
a

Active Risk

Non-Linear Factor Portfolios in Active Return Space

Average Monthly Returns from 1984 to 2003



Linear Value

Value

Linear Momentum

Momentum

Linear Small Size

Small Size

Linear Low Beta

Low Beta

Linear Profitability

Profitability

Five-Factor

Linear Five-Factor

-0.5%

0.5%

1.5%

2.5%

3.5%

4.5%

0.0% 1.0% 2.0% 3.0% 4.0% 5.0% 6.0% 7.0%

A
lp

h
a

Active Risk

Non-Linear Factor Portfolios in Active Return Space

Average Monthly Returns from 1964 to 1983



•

•

•

•

•

•

•


	Slide 1: Non-Linearity in Factor Returns
	Slide 2: Basics of Linear Factor Return Model
	Slide 3: Implications
	Slide 4: Findings
	Slide 5: Basics of Non-Linear Factor Return Model
	Slide 6: Benefits of Modeling Non-Linearity
	Slide 7: Linear vs. Non-Linear Approach
	Slide 8: Importance of Purifying Factors
	Slide 9: Non-Linear Purification
	Slide 10: Return to Small Size
	Slide 11: Return to Price Momentum
	Slide 12: Return to Profitability
	Slide 13: Return to Low Beta
	Slide 14: Return to Value
	Slide 15: Expected Return vs. Exposure
	Slide 16: Expected Tracking Error vs. Exposure
	Slide 17: Worth the Effort?
	Slide 18: Historically Less Pronounced
	Slide 19: Near Linear
	Slide 20: Takeaways

